Small perturbations of a black brane are interpreted as small deviations from thermodynamic equilibrium in a dual theory with the AdS/CFT correspondence. Quasinormal modes are solutions to linearized equations obeyed by classical fluctuations of a gravitational background subject to specific boundary conditions and are also gauge-invariant quantities. We give analytic solutions for each fluctuation that compose such quantities. Then, in a place slightly away from the horizon Brown and York boundary stress tensor is calculated. Using them, we make conserved stress tensor near the horizon which can represent dissipative parts of stress tensor in the dual theory by holography. Thus, we propose gravitational counterparts of sound modes in the membrane paradigm.
Introduction
AdS/CFT correspondence [1, 2, 3] makes it possible to analyze quantum states of some field theories by obtaining classical solutions of corresponding supergravity on AdS spacetimes or asymptotically AdS background spacetimes with event horizons. Boundary conditions at horizons and infinity must be imposed on classical solutions in such backgrounds. In the Euclidean version of AdS/CFT, there is in general only one regular solution at horizons.
Shear viscosity in N = 4 supersymmetric Yang-Mills theory is calculated with real-time finitetemperture AdS/CFT correspondence [5] . In this case, there are no unique classical solutions of supergravity; there are incoming-wave and outgoing-wave solutions at horizons. Because classically horizons don't emit radiation, One should choose incoming wave only. This choice of boundary conditions makes the boundary value problem non-Hermitian and also dispersion relations appear as singularities of the retarded Green's functions of Lorentzian signature in the complex frequency plane.
Another interesting set of solutions are quasinormal modes. As it is seen later, These are gauge invariant quantities that are not changed under infinitesimal dffeomorphisms and vanish at infinity in addition to above boundary conditions. Quasinormal frequencies coincide with singularities of retarded Green's function. We can read off shear viscosity and bulk viscosity comparing with dispersion relations of energy momentum tensor in dual theories. Furthermore, expectation value of energy momentum tensor in dual theories is obtained by evaluating gravitational energy of AdS backgrounds. In general, in gravity theories, observables measuring local gravitational enegy is problematic. Because one can always switch to a local free falling frame where all the first derivatives of the metric are zero and spacetime is locally flat, so gravitational energy should be defined on the boundary or the horizon of AdS spacetimes. ADM energy is proportional to dth coefficient of metric expansions about r at the boundary, where d is the dimension of the dual theory [6] . This is also the result of usual AdS/CFT prediction and is equal to quasi-local stress tensor [4] associated with classical solutions.
Membrane paradigm [9, 5] is similar to such methods. It defines conserved quantity on stretched horizons which is composed of electromagnetic fields and if we assume above boundary conditions, it satisfies familiar dispersion relations which are the same as those calculated with usual AdS/CFT prediction. This means that dual theory is in the plasma, seen from a brane near the horizon. Membrane paradigm is not known well about its origin. So, we will study it.
In this letter, We calculate perturbations of black p-branes and also Brown and York boundary stress tensor near the horizon using classical solutions of fluctuations which is consistent with quasinormal modes culculated recently. Then, we make conserved stress tensor defined on stretched horizon.
In section 2, We review quasi-normal modes on near horizon geometries of black p-branes [8, 11] . We will use them to confirm our solutions and to count the degrees of freedom of the system.
In section 3, We review Brown and York boundary stress tensor and constitutive relations for the stress tensor. Then, we calculate boundary stress tensor near the horizon from which viscosity can be read off. Then, we show that this stress tensor is conserved.
Quasinormal modes and classical solutions of the fluctuations
In this section, We first review quasinormal modes on near horizon geometries of black p-branes [8, 11] and present new results are solutions for fluctuations that compose such gauge invariant fluctuations; These are necessary to analyze boundary stress tensor near the horizon.
We use the action which is reduced from black p-brane geometries in the Einstein frame [13] . The effective system in p + 2 spacetime is governed by a system of equations that can be derived from the following action.
where P is the effective potential for the dilaton,
Θ µν is the extrinsic curvature. The effective equation of motion are satisfied by the background profiles(setting l s = 1).
and
where f (r) = 1 − (r 0 /r) 7−p . Let us consider fluctuations of the bulk fields, and focus on a single Fourier component that propagates along the coordinate z = x p δg µν (t, z, r) = e −i(ωt−qz) h µν (r),
Later, for simplicity, we don't write exponential term; spacetime derivatives for fluctuations must act this term. Then, SO(p − 1) symmetry of components except t, z and r group the fluctuations into three channels;
with a, b = 1, ..., p − 1 and h = a h aa . Then we parametrize fluctuations with H µν (r)
with j = 1, .., p. We impose gauge fixing conditon δg µr = 0. This leaves still a residual gauge freedom under the infinitesimal diffeomorphisms. Rather than fixing completely the gauge, it is more convenient to switch over to a set of gauge invariant fluctuations [8] .
where
You can show that the degrees of freedom of these set of fluctuations are equal to those of overall systems; diffeomorphisms remove 2(p + 2) from gravitons
and dilaton 1. These agree with the degrees of freedom of gauge invariant fluctuations. We use following dimensionless ratios
From the behavior near the horizon, gauge invariant functions are parametrized as follows
with Y x (r) analytic at r = r 0 . These satisfy incoming boundary conditions at the horizon. Solving perturbatively for Y x (r) in the hydrodynamic limit, we impose Dirichlet boundary conditions
Boundary conditions (11) are important because these determine dispersion relation. For shear channel,
and familiar dispersion relation follows
For sound channel,
Z φ is zero because there are no analytic solutions at r = r 0 except constant terms, which we set to zero by the boundary conditions at infinity. This means that the degrees of freedom of the system are decreased by one. Imposing the Dirichlet boundary condition (11) gives an expression for m.
We find solutions of each fluctuation which are consistent with above solutions of gauge invariant fluctuations. These solutions are needed for evaluating boundary stress tensor near the horizon. For sound channnel, We couldn't find analytic solutions definded in all region; They are calculated perturbatively only near the horizon and at the infinity. However, consistency with the solutions of gauge invariant fluctuations determine uniquely the behavior of each fluctuation at the infinity. Details of the calculations are put on Appendix. For each fluctuation, Dirichlet boundary conditons H µν | r=∞ = 0 may be imposed. These are boundary conditions appeared in membrane paradigm [9] and not those for usual AdS/CFT. See also [14] . Using these boundary conditions, we can read off viscosity of dual field theory from constitutive relations of holographic stress tensor.
To obtain more general solutions, we first don't impose Dirichlet boundary conditions at infinity; dispersion relation is not yet appeared. For shear channel,
where factor 1 q is a normalization constant of fluctuations. We often neglect this factor for power counting of q. Of course, if these solutions are sumed to gauge invariant fluctuations and Dirichlet boundary conditions are imposed, these solutions give quasinormal modes and dispersion relations. Constant terms also satisfy the EOM. Constant "a" represents one parameter dependence of these solutions near the horizon; we set it to 1. If we impose Dirichlet boundary conditions for each fluctuation, we obtain c = 1.
For sound channel, we expand analytic function at r = r 0 with x = r − r 0 ,
and if these are sumed and boundary conditions are imposed, we obtain
where f ∼ (7 − p) 
Holographic stress tensor
In this section, we calculate boundary stress tensor near the horizon. In terms of gravitational energy and holography [7] , it should be defined on a boundary of the spacetime. But our main proposal is to construct conserved quantity such as stress tensor near the horizon.
Quasi-local stress tensor on black Dp-brane backgrounds
We consider spacetime mamifold M with time-like boundary ∂M. Denote the metric as g µν , and n µ is the outward-pointing normal to ∂M normalized with n µ n µ = 1. The induced metric on the boundary, γ µν = g µν − n µ n ν , acts as a projection tensor onto ∂M. The extrinsic curvature on ∂M is given by Θ µν = −γ ∂T , consider T to be γ µν ), the stress tensor is given by
U γ is the unit timelike vector orthogonal to the spacelike component of the boundary. The metric induced on the spatial sector of the boundary is denoted by
In our case,
Using these definitions, We can calculate boundary stress tensor. For shear channel,
which are O(H) corrections to the stress tensor and other corrections are order O(H 2 ). Boundary stress tensor should be subtracted by the background [7] as well as the case of the boundary at infinity. In our case, n r becomes non-analytic. As we count powers of x = r − r 0 in following sections, we can neglect this term. For sound channel,
and other components are order O(H 2 ). Note H 11 = H 22 = ... = a Haa p−1 .
Conservation law
For a background solving the equations of motion, boundary stress tensor will satisfy
where sources on the right hand side is matter stress-energy, and a or b runs cordinates on ∂M . In our case, this equation becomes
where a useful relation is −βϕφ ′ = 1 2 (3 − p) 2 H 1 . For shear channel, our solutions satisfy the equation (24) within our approximation, of course, even if no Dirichlet boundary condition is imposed. Note that the last term of (25) vanish in this case. This explains why we can regard T 0 a as dissipative corrections to the momentum flux of hydrodynamics. Thus, T µ ν can represent conserved stress tensor of the dual field theory from last equality. It may seem to be better to raise index b for symmetry. However, there appear terms in T µν that contradict constitutive relation of hydrodynamics.
For sound channel, we find that our solutions satisfy the equation (24) by O(x, q 2 ) where we neglect overall factor of each fluctuation 
These seem to be gravitational counterparts for sound modes [5] . We will use this equation following subsection.
Hydrodynamics on the stretched horizon
In this section, we use T µ ν instead of T µ ν for boundary stress tensor because its divergence is zero. In thermal equilibrium, entropy is conserved. To have entropy production, one need to go to the next order in the derivative expansion of the stress tensor, with at most one covariant derivative in the spatial coordinates,
where δǫ is the fluctuation of energy density and i, j runs spatial cordinates. The transport coefficients are defined as follows
We replace above stress tensor and momentum flux by holographic quantities near the horizon. However, leading terms of boundary stress tensor will not represent pressure or energy density of the system; in particular energy density is zero compared with pressure because we calculate stress tensor not at the boundary but near the horizon. For shear channel, our ansatz becomes
We can easily show that covariant derivatives that act to the momentum are equal to usual derivatives in our case. Remember that fourier single component is suppressed. Using (22) and (16) and imposing Dirichlet boundary conditions to each fluctuation, we obtain
This is a familiar relation for shear viscosity in Dp-brane backgrounds which are also obtained in [12] using another method. When we impose Dirichlet boundary conditions to all fluctuations, the relation T 0 a = −T a 0 is appeared in near horizon limit or when f −im/2 − 1 → 0. For sound channel, we impose Dirichlet boundary conditions to each fluctuation in the same way. In this case, T 0 z = −T z 0 with above same conditions. Useful relations for computation are,
Short culculation shows that third equation of (31) represents −∂ 0 E−∂ z T 0 z = 0 because T 0 0 = −E. Using (17) and (23), we obtain (30) from second equation. These are subleading terms of the fluctuations; leading terms are subtracted. Leading terms of the fluctuations are given by,
Substituted these terms for constitutive relation (27), we obtain v 2 s = 5−p 9−p . We won't culculate bulk viscosity because we need to know O(q) terms of fluctuations. however, as we know conservation law and dispersion relations, it must be derived: if we assume that bulk viscosity is not equal to 2(3−p) 2 p(9−p) η which is expected for the dual field theories, it contradicts conservation law or dispersion relations determined by boundary conditions as subleading terms representing momentum are proportional to χ ′ . See 2.2 of [5] . Here we assume q/(x/r 0 ) ≫ 1. Such condition appears in the membrane paradigm [9] .
Note that to be precise, what we have done is not the membrane paradigm approach; in which we must make anti-symmetric tensor and use relations between electric fields and magnetic fields at the horizon. In our case, Dirichlet boundary conditions at the infinity determine hydrodynamics near the horizon and dispersion relations. We couldn't make connections between them.
There are differences between D3-brane and general Dp-branes. As we impose the gauge invariant fluctuation including dilaton to zero, the degrees of freedom of the system may be reduced. For p=3, there is no fluctuation for dilaton and coefficient of the H 11 is zero in that gauge invariant fluctuation. So degrees of freedom are unchanged.
Discussion
We obtained analytic solutions for perturbations of gravity and dilaton. We also culculated boundary stress tensor near the horizon and constructed new conserved stress tensor at that region. Using holography, We obtained viscosity and sound velocity from constitutive relations, while we obtained bulk viscosity from EOM at the horizon and dispersion relations. Then, boundary conditions at infinity become important. As we decreased degrees of freedom of the system by 1, however, there seem to be other more general analytic solutions.
In the sense of the gravitational energy, Brown and York stress tensor [4, 10] defined at the boudary of AdS spacetimes represents expectation value of energy momentum tensor of the dual field theory in the strong coupling region [7] . As it is defined at near horizon region in our case, we guess that the UV informations are suppressed by the UV/IR relations of AdS/CFT. But in the hydrodynamic limit, (that means IR) we guess that small deviations from equilibrium may be seen.
Given in appendix, boundary stress tensor T µ ν that is not modified for the membrane paradigm also gives shear viscosity of the dual field theory and bulk viscosity that is zero from constitutive relations. However, it is not conserved for p = 3 because of dilaton's matter source term. This implies deviations from the conformal field theory as expected. 
